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Abstract —This paper explores an overlapped-multiple-input 
multiple-output (MIMO) antenna architecture and a spectrum 
sharing algorithm via null space projection (NSP) for radar- 
communications coexistence. In the overlapped-MIMO archi¬ 
tecture, the transmit array of a collocated MIMO radar is 
partitioned into a number of subarrays that are allowed to 
overlap. Each of the antenna elements in these subarrays have 
signals orthogonal to each other and to the elements of the other 
subarrays. The proposed architecture not only improves sidelobe 
suppression to reduce interference to communications system, but 
also enjoys the advantages of MIMO radar without sacrificing 
the main desirable characteristics. The radar-centric spectrum 
sharing algorithm then projects the radar signal onto the null 
space of the communications system’s interference channel, which 
helps to avoid interference from the radar. Numerical results are 
presented which show the performance of the proposed waveform 
design algorithm in terms of overall beampattern and sidelobe 
levels of the radar waveform and finally shows a comparison 
of the proposed system with existing collocated MIMO radar 
architectures. 

I. Introduction 

Modem wireless communication systems have evolved 
towards higher throughput within limited bandwidth in order 
to accommodate the growing demand for high-volume data 
streams, such as video broadcasting. The tremendous growth 
of data services via broadband wireless access (BWA) has 
resulted in scarcity of wireless bandwidth in recent years. This 
has prompted government entities like the Federal Communi¬ 
cations Commission (FCC) and National Telecommunications 
and Information Administration (NTIA) to explore options for 
new bandwidth and reassign underused spectrum. They are 
interested in sharing spectrum previously used and reallocating 
some of the bandwidth that had been assigned to Department of 
Defense (DoD). Recently in its 2010 Fast Track Report, NTIA 
proposed to share the 3550 — 3650 MHz band between military 
radars and commercial BWA communication systems ffl. 
According to the NTIA report, this band is under-utilized and 
is favorable for BWA standards such as LTE to coexist with 
radars. 

However, coexistence will require mitigation of electro¬ 
magnetic interferences (EMI) from one to another. In this case, 
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it will be mostly dominated by radar EMI. Cellular wireless 
devices and base stations transmit on the order of milliwatts 
and microwatts, whereas radars transmit up to megawatts. 
Quite naturally we are here focusing on designing radar 
waveforms to avoid EMI to communications systems. 

A. Related Work 

The concepts of MIMO radar are getting attention nowa¬ 
days as they can have better performance than legacy radar 
systems to identify more targets with higher angular resolu¬ 
tion (2j- In MIMO radar, multiple waveforms are transmitted 
via multiple transmit antenna elements and reflected signals 
from the targets are received by multiple receive antennas. 
In 0, authors have proposed a different kind of MIMO 
radar that they called Phased-MIMO radar. In Phased-MIMO 
radar, waveforms are transmitted from a MIMO radar where 
antenna elements are partitioned into multiple subarrays and 
the elements are allowed to overlap among subarrays. The 
benefit of this formulation over conventional MIMO radar 
is its higher coherent processing gain and overall suppressed 
sidelobes. 

The idea of projecting signals onto the null space of an 
interference channel, in order to avoid interference, is a well- 
studied topic in the cognitive radio research community 0, 
0. An interference channel’s null space is calculated at 
the transmitter either by exploiting channel reciprocity using 
its second order statistics 0 or by blindly estimating the 
null space, if no cooperation exists between resource sharing 
nodes 0. However, for MIMO radar systems this idea of null 
space projection (NSP) was first proposed in 0, which was 
followed by an array of papers 0-0 where authors studied 
the NSP-based spectrum sharing approach for various radar- 
communications scenarios to avoid interference on communi¬ 
cations system. 

B. Our Contributions 

In this paper, we extend the previous work of radar signal 
projection onto the null space of the interference channel 
between radar and communication systems in order to avoid 
interference to communications systems 0-0. The previous 
work considers a coexistence scenario where MIMO radar 
operates in the same band as a MIMO communications system. 
We extend this approach and consider a different MIMO 
radar formulation that we call the overlapped-MIMO radar. 
In the overlapped-MIMO architecture, the transmit array of 



a collocated MIMO radar is partitioned into a number of 
subarrays that are allowed to overlap. Each of the antenna 
elements in these subarrays have signals orthogonal to each 
other and to the elements of the other subarrays. The proposed 
architecture not only provides better sidelobe suppression to 
reduce the interference to communications systems, but also 
enjoys the advantages of MIMO radar without sacrificing 
the main desirable characteristics. The radar-centric spectrum 
sharing algorithm is then combined with this overlapped- 
MIMO radar formulation that enables the radar signal to 
project onto the null space of the interference channel of the 
communications system. 

Our contributions in this paper are as follows: 

• We introduce a new formulation of MIMO radar, 
called overlapped-MIMO radar, where the transmit 
array of the radar is partitioned into a number of 
subarrays that are allowed to overlap. We derive an 
analytical model of the architecture to establish the 
validity of our proposal. Through numerical results 
and simulation, we show that this architecture results 
in better sidelobe suppression than conventional radar, 
which improves the coexistence between radar and 
communications systems. 

• We extend the spectrum sharing scenario of El be¬ 
tween a MIMO radar and a communications system to 
spectrum sharing between an overlapped-MIMO radar 
and a communications system. This extension gives 
rise to a different coexistence scenario as the overall 
beampattern of this radar waveform is significantly 
different from conventional MIMO radar. 



Fig. 1. A possible spectrum sharing scenario between a radar mounted on a 
ship and an on shore communications system. 


other and sharing information. Information is shared under 
an agreement that each system will seek to avoid causing 
interference to the other. 

In this paper we investigate a radar-centric design approach. 
In our radar-centric design, we assume that the ICSI of the 
communications system is available at the radar terminal and 
the goal of the MIMO radar is to develop its own radar 
waveform that will avoid interference to the communications 
system. A typical coexistence scenario is shown in Fig. Q] 

III. Collocated MIMO Radar 


The remainder of this paper is organized as follows. Sec¬ 
tion II builds the foundation of spectrum sharing architecture 
between MIMO radar and MIMO communications system. 
Section III discusses the preliminaries of collocated MIMO 
radar. Section IV introduces the overlapped-MIMO radar. 
Section V presents the NSP projection algorithm. Section VI 
discusses the simulation setup and provides quantitative results 
along with discussion. Section VII concludes the paper. 


In this section, we derive the preliminaries of the collocated 
MIMO radar system. The MIMO radar considered in this paper 
is collocated, which means transmit and receive antennas are 
assumed to be close to each other in space (possibly the same 
array) (2- The number of antenna elements in transmit and 
receive array are assumed as Mr and Mr. 

Let 4>(t) be the waveform emitted from the MIMO radar, 
which is defined as 


II. Spectrum Sharing Architecture 

In this paper, we consider a scenario where a collocated 
MIMO radar with Mr transmit and Mr receive antennas 
coexists in the same band with a MIMO communications 
system with Nr transmit and Nr receive antennas. 

In this case, the received signal at the receiver terminal of 
the communications system can be written as 


y C (i) = Hi JV « xMr x Radar (f) + h JVrxJVt x c (t) + n (t) (1) 

where XR ada r(f) is transmitted radar signal, xc (t) is trans¬ 
mitted communications signal. Hi is Nr x Mr interference 
channel between radar and communications system, H is 
Nr x N T channel between transmitter and receiver of the 
communications system, n(t) is additive white Gaussian noise 
(AWGN). 

We assume that both the radar and communications system 
are working in a friendly environment, cooperating with each 


4>{t) = [<t>i(t) <t> 2 (t) ••• </>M T (i)] T (2) 

where t is the time index within the radar pulse and (-) T 
denotes the transpose. Note that the roth transmit antenna 
emits the mth element of the vector 0(f), which is </> m (f). 
We assume that each element of the transmitted waveform is 
orthogonal to each other, and the overall waveform satisfies 
the orthogonality principle 



4>(t)<p H (t)dt = I Mt 


(3) 


where To is the radar pulse width, (•) H stands for the Hermi- 
tian transpose and I m t is the Mr x Mt identity matrix. 

The transmitter waveform is steered towards a specific 
target (or source) direction. Assuming a (6) is the actual 
transmit steering vector of size Mr x 1 associated with the 
direction 0 for a uniform linear array (ULA), then 
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where the first element of a(0) is the reference element 
ai(9) = 1, mth element is a m (8) = e -321 ^" 1 sm ®, and dr 
is the inter-element spacing measured in wavelength for the 
array. So, the waveform is steered with the steering vector and 
finally the transmitted signal vector can now be written in a 
compact vector form as 
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Fig. 2. A block diagram of the overlapped-MIMO radar formulation. 


where © is the Hadamard (element-wise) product. 

The Mr x 1 snapshot vector received by the receive antenna For a ULA, the (m* Mr + m r jth entry of the virtual array 

array can be modeled as steering vector v(0) can be expressed as 


yRadar(f) =y S (f)+yi(f)+n(f) (6) 

where y s (f) is the target/source signal, yi(t) is a jam¬ 
ming/interference signal, and n(f) is AWGN. 

Under the single point target/source assumption, the re¬ 
ceived signal at the radar can be written as 

y s{t) = /?s(a T (0 s )</>(f))b(0 s ) (7) 

where 9 S is the target/source direction, (3 S is complex-valued 
reflection coefficient of the focal point 6 S (that includes chan¬ 
nel effect and propagation loss), and b (0) is the Mr x 1 receive 
steering vector associated with the direction 0. 

The returned signal from mth transmitted waveform can 
be found by matched-filtering the received signal to each of 
the waveforms {<j> m ( i.e.. 


y m(f) = [ yRadar(f)^*(f)df TO=1,---,M T (8) 

J To 


where (•) stands for the conjugate operation. Then, the virtual 
data vector of size MrMr x 1 can be written as 


y v = [yfyf---y m t Y (9) 

= p s a(e s ) 0 b(0 s ) + y i+n 

where 0 is the Kronker product operator and yi+ n is combined 
component of interference and noise. Hence, the target/source 
signal component can be written as 


y s =/3 s v(0 s ) (10) 

where v = a(0 s ) 0 b(0 s ) is the MtMr x 1 virtual steering 
vector associated with a virtual array of Mr Mr elements. 


(o\ _ -j1n{mtdT sin 0+rrirdR sing) /ii', 

v [m t Mfl+mr] \° ) e v 11 / 

where to* = 0, • • • , Mt — 1 and m r = 0, • • • , Mr — 1. For 
dr = M j{dn, the virtual array steering vector simplifies to flOl 


V [?] (0) = e ~j^dR ( 12 ) 

where ? = m t MR + m r = 0,1, • ■ ■ , M T M R — 1, which means 
that an MtMr effective aperture array can be obtained by 
using Mt + Mr antennas (5). Note that in this case, the 
resulting virtual array is a ULA of MrMr elements spaced 
dR wavelength apart from each other. 

IV. Proposed Overlapped-MIMO Radar 

In this section, we introduce a new formulation of MIMO 
antenna arrays called overlapped-MIMO where we partition 
the array into multiple overlapped subarrays. One of the 
advantages of this approach is that it allows us to beamform 
transmit and receive arrays. The key idea behind this approach 
is to partition the transmit arrays into K subarrays where 
1 < K < Mr. which are allowed to overlap |[3]. The 
overlapped-MIMO radar formulation is shown in Fig. [2] 

The complex envelope of the signal at the output of the 
A'th subarray can be expressed as 


Mt 


s k = \l 1 ^Mt)e wk k = i,- 




(13) 


where both <p k and w k are M m x 1 vectors. The latter one has 
a unit-norm complex vector with M m beamforming weights. 
The former one is a waveform vector with M m orthogonal 
waveforms. Note that here M m is the number of antenna 
elements is each subarray and is defined as M m = Mt—K+1. 
Each of the orthogonal waveforms, 4 >(t)™ is a transmitted 
signal which can be modeled as 


































(14) 


C = Q(i)e i2 ^ mk/To)t 


where Q(t) is the pulse shape of duration To, m = 1, • • • , M m 
and k = 1. • • • . K ifTTl. 

The reflected signal from a target located at direction 9 in 
the far-field can be expressed as 


K Mm 

= (15) 

k =1 m =1 

where /3(0) is the reflection coefficient (constant), and d™(0) 
is the waveform diversity vector, which is defined as e~ :,T '= <0> 
where r™(0) is the time required for the wave to travel from 
the first element to the next element. 

The received complex vector of the array observation can 
be written as 


D 


yRadar(l) = r(t, O s )b(0 s ) + ^ r(f, 0 1 )b(0i) + n(t) (16) 

i 


where D is the number of interfering signals, b(9) is the 
receive steering vector of size Mj j x 1 associated with direction 
9, and n(t) is AWGN. 

Following equations © and @, by match-filtering 
yRadar(f) to each of the waveforms {0™}™=] jt=i we can 
obtain M m KM r x 1 virtual data vectors as 


For the special case of a ULA, we have a^ 1 (Q)a.i(Q s ) = 
••• = a{( (0)a*-(0 s ). Using equation (l20t . the beampattern 
of the overlapped-MIMO radar for a ULA with overlapped 
partitioning of K transmit subarrays can expressed as 


G k (0) = 


a"(0 s )a x (0) (d(0 s ) ® b(0 s )) ff (d(0) 0 b(0)) 


|af(0 s )|| 4 ||d(0,)®b(0 s )|r 


( 21 ) 


V. Proposed Radar-Centric Spectrum Sharing 

In this section, we introduce a radar-centric projection 
algorithm which projects the overlapped-MIMO radar signal 
onto the null space of the communication interference channel 
via the null space projection (NSP) technique proposed in |8) . 
The algorithm requires us to have CSI in advance, which can 
be obtained in a number of ways and conveyed to the radar 
via mutual cooperation between the communication and radar 
systems m-m. 

The proposed algorithm works as follows. The radar re¬ 
ceives H, the CSI between radar and communication channels 
at the beginning. It then calculates the number of null spaces 
available to project, which is Mt — Nr. It then calculates 
the projection channel matrix P and finally creates a new 
radar signal XR a dar- If H is the channel matrix and P is 
the projection matrix onto the null space of H, then the 
overlapped-MIMO radar waveform projected onto the null 
space of H to avoid interference from radar can be written 
as 


XRadar(f) — PxR a dar(f)- (22) 


Yv = + ™(f) ( 17 ) 

i 

where u(0) = (c(0)©d(0))ig>b(0) is the M rn KM rX 1 virtual 
steering vector, intermediate vector c = {w™a ™} K j; _ ^ 
of size M m K x 1, and waveform diversity vector d = 
{exp —jr™ of size M m K x 1 (TO). 

In the case of non-adaptive beamforming, the correspond¬ 
ing beamformer weight vectors are given for the fcth transmit¬ 
ting subarray as 

w - _ a fc(^) n ^ 

k ||a fc (0 a )|| VM t -K +1 


A. Projection Matrix 

Let channel H € F mXTl for F = M or F = C. We want a 
projection P G F nxn of a maximum rank such that it satisfies 

• HP = 0 

• P 2 = P 

Let the SVD of channel H be H = U£V*, where U and 
V are unitary or orthogonal, depending on F, of order m and 
n, respectively, and 

S = diag(ai, 02, • • ■ , cr*.) G K. mxn , k = min (m, n) 
where or > • • • > o p > <J p +\ = • • • crfc = 0. 

Let S = diag(a 1 , a 2 , • ■ ■ , cr n ) G R” x " such that 


where k = 1,2, ,K. They are given for the receiving 

subarrays as 


f 0 if i < p 
\ 1 if i > p 


w d = (c(0 s ) 0 d(0 s )) ® b(6» s ) 

Let G(9) be the normalized overall beampattern 
G{0) = |wfu(0)| 2 = |u g (^)u(0)| 2 


(19) 


Note that SS = 0 and ^ = E . 
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Now, we define projection P = VE V* and check the 
desired properties: 
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( 20 ) 















• (s ') 2 = s' 

• HP = UEV*U£'v* = 0 

• p 2 = vs'vvs'v* = P 

So P is the desired projection. 

B. Optimal Subarray Size 

We run into two possible scenarios: (1) Mt < Nr and 
(2) Mt > Nr. For first scenario where we have Mt < Nr, 
we cannot use the NSP method. However, a possible solution 
to this problem is using overlapped-MIMO as it increases the 
effective number of transmit arrays, thus making NSP possible. 
In this case, the effective transmit array aperture, M e is equal 
to ( Mt —K +1 )K, which is greater than Nr. Note that M e is 
essentially the number of the virtual arrays in the transmitter 
of the radar. Hence, the overlapped-MIMO radar results in a 
total virtual array of size (( Mt — K + 1 )K) Mr. On the other 
hand, if we have Mt > Nr, NSP is possible for Mt — Nr 
dimensions. However, even in this case the performance can 
be increased using overlapped-MIMO since it increases the 
effective number of transmit arrays. 

In order to maximize the impact of the projection presented 
we have to select a value for the number of subarrays K that 
maximizes M e 

K = argma ,x(M e ) (23) 

where M e = ( Mt — K + 1) K. 

The number of subarrays K in the overlapped array can 
be optimized by 

^(M e ) = 0 (24) 

^{(m t -k + i)k) = 0 

M t -2K+1 = 0 

Mt + 1 

A = - 

2 

where [_-J stands for the floor operation as K should be integer. 

VI. Simulation Results 

We simulate an overlapped-MIMO radar. We assume a 
ULA with Mt = 20 antenna elements at the transmitter. At the 
receiver, we also assume Mr = 20 antennas. In both cases the 
space between elements is (It = 0.5, meaning adjacent antenna 
elements are half a wavelength apart. The signal passes through 
a Rayleigh distributed channel and is subject to AWGN. Each 
antenna element is omnidirectional. We assume the target of 
interest is at 6 S = 15° and two interfering signals are located 
at directions —30° and —10°. For the overlapped-MIMO radar 
we used 5 subarrays, meaning K = 5. Output SINRs are 
computed using 100 independent simulations. 

Figure [3] shows the overall beampattern for four different 
MIMO radar formulations: (1) overlapped-MIMO radar with 
K = 1 (meaning 1 subarray), (2) overlapped-MIMO radar 
with I\ = 5, (3) overlapped-MIMO radar with K = 10 



Fig. 3. Overall beampattern using conventional transmit-receive beamformer 
where the total number of elements is Mt = 20, the number of overlapped 
subarrays is K = 5 and K = 10 respectively, the number of elements in each 
subarray is {Mt — K + 1) = 16 and {Mt — K + 1) = 11 respectively, 
and <1t = 0.5 wavelength. 


and (4) MIMO radar with K = 20 (pure MIMO). Here the 
overlapped-MIMO radars have two different orientations of 5 
and 10 overlapped subarrays and each subarray has 11 and 
16 antenna elements respectively. We can observe that the 
overlapped-MIMO with K = 1 and MIMO radars have exactly 
the same overall transmit/receive beampatterns. However, the 
overlapped-MIMO radar has significantly improved sidelobe 
suppression compared to the beampattern of the pure MIMO 
radar (or 1 subarray). 

Figure [4] shows the overall beampattern for four different 
MIMO radar formulations with NSP algorithm: (1) overlapped- 
MIMO radar with K = 1 plus NSP (meaning 1 subarray), 
(2) overlapped-MIMO radar with K = 5 plus NSP, (3) 
overlapped-MIMO radar with K = 10 plus NSP and (4) 
MIMO radar with K = 20 plus NSP (meaning pure MIMO). 
We observe that the projection algorithm has reduced sidelobe 
suppression as expected. Note that it is still providing encour¬ 
aging suppression in compared to pure MIMO radar. However, 
the primary benefits are at the communications side since this 
NSP algorithm minimizes interference form the radar to the 
communications system and thus, enables the two to coexist. 

The final experiment considers the number of subarrays, 
K, in the transmitter of the overlapped-MIMO radar that 
maximizes the benefit for the radar in terms of sidelobe 
suppression. Note that the radar has most significant impact 
when the number of virtual arrays, M e , on transmitter side 
is maximized (see equation l24li. Fig. [3 shows the impact of 
varying the number of subarrays I\ from 1 to Mr on M e . 
For Mt = 20, K = 11 or I\ = 12 results in the highest 
impact. This knowledge enables determining the structure 
of overlapping subarrays. The plot of K for Mt = 10 
and Mt = 15 are shown in the same figure to provide a 
comparative view. This graph enables picking a value for K 
(the number of subarrays in the overlapped-MIMO structure) 
that maximizes the virtual antenna array size, thus enhancing 
the amount of sidelobe suppression in radar beampattern, while 
retaining the dimension needed for NSP. 



















Fig. 4. Overall beampattem using conventional transmit-receive beamformer 
and NSP where the total number of elements is Mt = 20, the number of 
overlapped subarrays is K = 5 and K = 10 respectively, the number of 
elements in each subarray is (M^ — K + 1) = 16 and (M 7 1 — K + 1) = 
11 respectively, and (It = 0.5 wavelength. 



Fig. 5. The number of subarrays, K, in a overlapped-MIMO radar is varied 
from 1 to Mt and the resulting effective virtual transmitter array number, 
M e is observed for three different transmit antenna sizes, i.e., Mt = 10 , 
Mt = 15 and Mt = 20. 

VII. Conclusion 

This paper has explored an overlapped-MIMO antenna 
architecture and a spectrum sharing algorithm via null space 
projection (NSP) for radar-communications coexistence. In the 
overlapped-MIMO architecture, the transmit array of the radar 
is partitioned into a number of subarrays that are allowed to 
overlap. Each of the antenna elements in these subarrays have 
signals orthogonal to each other and to the elements of the 
other subarrays. The advantage of such architecture is to have 
a larger effective transmit array with increased diversity gain. 
This formulation also improves overall sidelobe suppression 
compared to a conventional MIMO radar making it suitable 
for coexisting with communications system. 

Further, we introduced a radar-centric spectrum sharing 
algorithm that projects the radar signal onto the null space 
of the communications system’s interference channel, which 
helps to avoid interference from the radar. Note that such null 


space projection is only possible when the physical number of 
transmit antennas of the radar is greater than the number of 
receive antennas of the communications system. 

Analytical models for the waveform of the overlapped- 
MIMO radar and the NSP algorithm are derived in this paper. 
Simulations of the coexistence scenario were presented too. 
Through analytical derivation and as well, simulation results, 
we were able to show that the proposed overlapped-MIMO and 
NSP algorithms outperform conventional schemes and enable 
radar-communications system coexistence in the same band. 
We found that the overlapped-MIMO architecture achieves 
more than 20 dB sidelobe suppression above conventional 
MIMO radar when there are 20 physical antenna elements 
in the radar system. We also observed that, in a similar 
setup, even though NSP degrades suppression, it still retains 
more than 10 dB additional sidelobe suppression compared to 
conventional MIMO radar while reducing interference to the 
communications system. 
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